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We theoretically and experimentally study the phenomena related to self-phase modulation of Airy pulses in fibers.
During nonlinear evolution, most spectral components of the Airy pulses concentrate into one or two peaks for
normal and anomalous dispersion, respectively. The resulting peaks self-shift along the propagation, effectively
mapping the longitudinal coordinate into the frequency domain. The frequency shift can be precisely controlled
by simply acting on the spectral cubic phase structure without the need to alter the fiber length. © 2013 Optical
Society of America
OCIS codes: 060.5530, 190.0190, 070.4790.

Airy pulses are self-accelerating optical wave packets
featured by quasi-nondispersive intense peaks [1–7]. In
linear optics, they are the key ingredients for the realiza-
tion of optical bullets [2,3], while in a nonlinear environ-
ment, they tend to shed off-shooting solitons under
the effect of a Kerr nonlinearity [6]. They can also be
exploited to control super-continuum generation in
highly nonlinear fibers [7]. Such Airy pulses are analo-
gous to spatial Airy beams [1,8], which have been studied
extensively due to their intriguing phenomena and poten-
tial applications [9]. One of the several properties of
Airy beams is the appearance of a spectral defect in
the spatial spectrum that shifts along the propagation
in media under saturable nonlinearity [10]. We expect
the temporal counterpart of this effect to be a spectral
feature that varies along the propagation length.
In this Letter, we study the self-phase modulation

(SPM) of Airy pulses under the effect of both anomalous
and normal dispersion in fibers. These self-accelerating
pulses are generated through the modulation of Gaussian
pulses via the cubic spectral phase structures produced
in a pulse shaper. We consider the nonlinear propagation
of an optical pulse in a fiber for a simplified but realistic
condition in which the Kerr effect is the only active non-
linearity while solely the second order dispersion term
(β2) is assumed as relevant. Under these assumptions,
the pulse evolution is described by a nonlinear Schrödin-
ger equation that, in a normalized notation, reads as [11]:

∂φ∕∂ξ � −0.5i sgn�β2�∂2φ∕∂T2 � iηjφj2φ; (1)

where ξ and T are the normalized distance and relative
delay (with respect to the group delay). In terms of phy-
sical distance z and time t, one unit of ξ and T equals
zjβ2j∕t20 and �t − z∕υg�∕t0, respectively, where t0 is an
arbitrary time scaling factor and υg is the pulse group ve-
locity. In Eq. (1), sgn�⋅� is the sign operator, φ is the
electrical field envelope, and η � γ∕�t20jβ2j� corresponds
to the nonlinear parameter γ in fibers.

Before studying the nonlinear dynamics of Airy pulses
using Eq. (1), let us briefly recall how SPM affects the
propagation of a chirped Gaussian pulse given by
exp��−αv2 � i sgn�β2�v2� (α determines the bandwidth
and v is the normalized angular frequency). Due to the
linear temporal focusing induced by the combination
of chirp and dispersion, the maximum peak power
(MPP) for these pulses appears inside the fibers. Figure 1
shows the nonlinear spectral reshaping of positively or
negatively chirped Gaussian pulses under the effect of
(a) an anomalous (β2 < 0) and (b) a normal (β2 > 0) dis-
persion, in the case of a mild nonlinearity. The spectra
reshape dramatically near the MPP location and for
β2 < 0 and β2 > 0, a hole and a peak appear in the pulse
spectrum, respectively [Figs. 1(a) and 1(b)].

With this in mind, we now analyze the SPM of Airy
pulses. Such pulses are associated with a spectral cubic
phase exp�−i�ω∕ωs�3∕3� (ω is the angular frequency and
ωs is a scaling factor). By letting t0 � 1∕ωs, this phase
simply becomes exp�−iv3∕3� in the normalized coordi-
nates. First, we consider the linear dynamics of Airy
pulses (i.e., η � 0). The spectral amplitude exp�−αv2�
of the input Gaussian pulse is modulated by a cubic
phase exp�−i�v − vm�3∕3� (vm denotes the offset). The lin-
ear propagation can then be described analytically by

Fig. 1. (Color online) Typical spectral evolution of a Gaussian
pulse propagating in an optical fiber in the presence of a mild
nonlinearity for (a) anomalous and (b) normal dispersion.
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φ�T; ξ� � Ai�T − ς2∕4� α2 � v2m − i sgn�β2�ας�
×

������

2π
p

exp�−iv3m∕3� exp�αT − i sgn�β2�ςT∕2�
× exp�i2�iα� sgn�β2�ς∕2�3∕3
− iv2m�iα� sgn�β2�ς∕2��; (2)

where ς � ξ� 2vm∕sgn�β2�. From Eq. (2), we readily
obtain that the Airy pulse follows a parabolic time
trajectory:

Tp � ς2∕4 − v2m − α2: (3)

When vm � 0, the linear dynamics of the Airy pulse can
be analogous to that in the spatial domain [1]. In this
case, the MPP appears at the input. From Eq. (2), one
can notice that by adding a frequency offset vm into
the cubic phase term (basically introducing a quadratic
phase), the whole linear dynamics of the Airy pulse
can be delayed or advanced, and accordingly the MPP
is located at ξ � −2vm∕sgn�β2�.
To avoid the breakdown of accelerating Airy wave-

packets typically induced by a nonlinearity, the MPP is
set inside a fiber (ξ � 8) by choosing vm � −4 sgn�β2�
[6,10,12]. As we know, the Kerr effect becomes signifi-
cant for high enough peak powers. For Airy pulses,
the nonlinearity is hence mainly induced by the first
intense hump propagating along the time trajectory
described by Eq. (3). Figure 2(a) shows a section of
the main hump with an instantaneous power larger than
half of the MPP. In order to understand the nonlinear
dynamics, we model the propagation of the intense lobe
as a Gaussian pulse featured by a linear phase term
varying along propagation: exp�−i sgn�β2�μT �, where μ �
dTp∕dξ � ξ∕2� vm∕sgn�β2�. This linear phase term in
the time domain corresponds to a carrier frequency shift,
i.e., the instantaneous frequency of the intense lobe
varies linearly along the pulse propagation:

vd � sgn�β2�μ � sgn�β2�ξ∕2� vm: (4)

The dashed white lines in Figs. 2(b) and 2(c) are
plotted based on the above formula and represent the
spectral shift for the main hump (in a similar fashion
to what is expected for Airy beams from the caustic
theory [5]). If we only consider the intense hump, Airy
pulse propagation can be modeled as that of a chirped
Gaussian pulse with a linearly varying carrier frequency
along the propagation, as can be seen from Figs. 2(b) and
2(c), respectively.

In a Kerr medium (i.e., η ≠ 0), the nonlinear evolution
of the Airy pulse in function of the propagation can also
be approximately treated as a Gaussian pulse with a
different carrier frequency [4]. Similar to the results in
Figs. 1(a) and 1(b), the spectrum exhibits a spectral
notch and peak when propagating in a regime of anom-
alous and normal dispersion, respectively. Since the
frequency for the main Airy hump changes with the pro-
pagation distance, the defects induced by a mild non-
linearity also shift accordingly, as shown in Figs. 2(d)
and 2(e). In the spectral domain, their paths are expected
to follow the analytical shift vd (dashed lines), but some
deviations occur due to the nonlinear nature of pulse pro-
pagation and such deviations are more pronounced for
the normal dispersion case, as clearly shown by studying
the evolution in the temporal domain [see Figs. 2(f)
and 2(g)]. The main hump tends to shrink (expand) for
the anomalous (normal) dispersion case, indicating a
steeper (slower) acceleration, which is analogous to the
nonlinear dynamics of Airy beams under a self-focusing
(defocusing) nonlinearity in the spatial case [10,13,14].

From further numerical investigations at even higher,
yet still mild, pump intensities (data not shown) we
conclude that the spectral evolution of the peak/notch
follows the prediction of Eq. (4), corrected by a para-
meter ε that is slightly smaller than 1 in the case of
normal dispersion, and is close to 1 for the anomalous
dispersion, i.e., v0d � εvd. The direct outcome of this ana-
lysis is that the spectral defect shifts in frequency along
the fiber and can be controlled by merely shifting the
initial cubic phase mask in a fiber with a fixed length
L as follows: v0d�vm� � εvm � ε sgn�β2�L∕2, where the
shift of the spectral defect is proportional to the offset
of the cubic phase.

To realize the spectral control described above, we use
the experimental setup shown in Fig. 3. The input pulses
come from a wavelength-tunable subpicosecond fiber
laser from Pritel, Inc. Their spectra are then modulated
by a cubic phase structure (ωs � 2π × 1011) produced in a
pulse shaper where the so called space-to-time pulse
shaping technology is employed. The output Airy pulse
is subsequently amplified by an erbium-doped amplifier
and sent into a nonlinear fiber. An optical spectrum
analyzer (OSA) is used to measure the output spectra.

Fig. 2. (Color online) Linear and nonlinear propagation of
Airy pulses. (a) Evolution of the main hump in the linear case,
(b) and (c) spectral components of the pulse depicted in panel
(a) for anomalous (b) and normal (c) dispersion, (d) and
(e) spectral distribution for anomalous (d) and normal (e) dis-
persion, (f) and (g) nonlinear temporal evolution corresponding
to (d) and (e), respectively. Here, the dashed lines show the
linear trajectories.

Fig. 3. (Color online) Experimental setup. EDFA, erbium-
doped fiber amplifier and OSA, optical spectrum analyzer.
The plot in the pulse shaper schematically shows the cubic
phase structure wrapped between −π and π where the circle
indicates its center.
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We performed the first experiment in a 5 km large ef-
fective area fiber (LEAF). In order to obtain anomalous
dispersion, the fiber laser was tuned to generate subpi-
cosecond pulses with a 1548.5 nm central wavelength
and a bandwidth of ∼4 nm. After the amplification, the
recorded average power was nearly 240 μW. The corre-
sponding spectra measured by the OSA are shown in
Fig. 4(a). It is clear that the spectrum (solid lines) con-
centrates mainly into two major peaks separated by a
notch. We observe that by shifting the center of the cubic
phase structure to the frequency f � 194.2, 194.3, 194.4,
194.5 THz, the notch gradually shifts from longer wave-
lengths to shorter ones. Figure 4(c) plots the notch posi-
tion with respect to the center of the cubic phase
structure. From a linear fit, we obtain a value for the cor-
rection parameter ε of 1.07, which is close to what we
expect. The dashed lines in Fig. 4(a) show the results
obtained by simulating the nonlinear propagation with
the input parameters corresponding to the experimental
setting, which reproduce our experimental findings.
In a second set of experiments, we studied the non-

linear pulse propagation in the case of normal dispersion.
We tuned the laser to produce pulses with a central
wavelength of 1538.7 nm and a bandwidth of 4.7 nm,
which were then injected in a 6.6 km dispersion-shifted
fiber (DSF) with a zero dispersion wavelength of around
1559 nm. After amplification, the power at the input of
the DSF is around 630 μW. We observed that following
nonlinear propagation, the spectrum mainly concentrates
into one peak surrounded by tiny ripples. Likewise, by
shifting the center of the cubic phase structure to the fre-
quencies f � 194.35, 194.45, 194.55, 194.65 THz, the posi-
tion of the single peak moves from longer wavelengths to
shorter ones [Fig. 4(b)]. The relationship between the sin-
gle peak position and the center of the phase structure is
almost linear as shown in Fig. 4(d), where ε is around 0.93
as inferred by the experimental data. The spectral distri-
bution expected from the numerical model is depicted in

Fig. 4(b) (dashed curve). In this case, the shift rate
(ε ≈ 0.73) is smaller than what we observed in the experi-
ment, but it is still consistent, especially considering that
no fitting parameters have been employed.

In summary, we have demonstrated the nonlinear
spectral reshaping of Airy pulses in fibers into one or
two self-shifting peaks for normal and anomalous disper-
sion, respectively. Different wavelengths can be selected
by simply shifting the corresponding cubic phase struc-
tures. Since the propagation length is mapped into the
frequency domain, metrological applications can be read-
ily envisaged. Similarly, such a nonlinear spectral reshap-
ing is also expected for nonparaxial diffraction-free
beams [15–17].
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Fig. 4. (Color online) Experimental results (blue solid curve)
and theoretical prediction (red dashed curve) of frequency shift
control in (a) LEAFs and (b) DSFs. (c) and (d) plot the positions
of the spectral notch and peak relative to the center of the cubic
phase structure, corresponding to (a) and (b), respectively.
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